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Abstract: We explore the thermodynamics of a black-hole solution in improved holo-
graphic QCD with a simple dilaton potential having two parameters. By applying tech-
niques of singular perturbation theory, we get uniform approximations for the metric and
the dilaton field in the two regimes of big and small black-holes. These techniques lead to a
resummation of the naive expansion at high temperatures, providing an important theoret-
ical improvement with respect to previous results in the literature. By using this technique,
it is shown how a quadratic dependence at low enough temperatures can naturally appear
in the free energy. A comparison with lattice data of gluodynamics is performed. It is
provided as well an estimate of the value of the gluon condensate at zero temperature
which turns out to be in quite good agreement with the accepted values in the literature
from phenomenological studies of QCD.
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1 Introduction
The gauge/gravity duality is nowadays a powerful tool to study the properties of gauge
theories, and in particular of QCD, in their strongly coupled regime either at zero or
finite temperature. One of the most important applications of this duality is the physics
of strongly coupled plasmas. In particular, we can study the thermodynamics of a field
theory from the classical computation of the thermodynamics of black holes in the gravity
dual. This duality can be expressed in the form
SBlack Hole(T ) =
A(rhorizon)
4GD
←→ SQCD(T ) . (1.1)
The entropy of a black hole can be obtained classically from the famous Bekenstein-Hawking
entropy formula, where A(rhorizon) is the area of the black hole horizon, see e.g. [1–5]. In
conformal AdS5 the metric has a horizon in the bulk space at rh = pi`
2T where ` is the
– 1 –
radius of the AdS space, and the entropy scales like SBlack Hole ∝ r3h ∝ T 3. However, in
order to have a reliable extension of this duality to SU(Nc) Yang-Mills theory, the first task
is to control the breaking of conformal invariance.
Gluodynamics is invariant under scale and conformal transformations at the classical
level, but this classical invariance is broken by quantum corrections due to the necessary
regularization of the UV divergences. This yields the so-called trace anomaly [6], corre-
sponding to the divergence of the dilatation current which is equal to the trace of the
energy-momentum tensor Tµµ [7]. At finite temperature, the energy density ε and the
pressure p enter as [8]
〈Tµµ 〉 = −ε+ 3p = −
β(g)
2g3
〈(F aµν)2〉 (1.2)
in the mostly plus convention, where F aµν is the field strength tensor and β = µ∂g/∂µ is the
beta function. Only in an ideal gas one has ε = 3p and 〈Tµµ 〉 = 0, so that a non-vanishing
value of the trace anomaly provides a measure of the departure from conformality and,
equivalently, of the strength of the interaction between the constituents of the systems.
The equation of state of QCD has been studied for a long time by using different
methods. A naive weak coupling expansion turns out to be poorly convergent in the
regime of temperatures close to the phase transition, see e.g. [9, 10]. It has been proposed
in the literature several methods to resum the perturbative expansion, one of the most
popular being the Hard Thermal Loop (HTL), currently computed up to 3-loops order [11].
However, all these methods fail to reproduce the lattice data for the trace anomaly in the
regime Tc . T . (2.5 − 3)Tc, which corresponds to a strongly interacting quark-gluon
plasma picture.
There are many works focusing on the computation of the equation of state of QCD
in lattice, see e.g. [12, 13]. As it has been shown in [14–17], these lattice data show a clear
behavior close to Tc of the form
ε− 3p
T 4
= a(µT ) + b
(
Tc
T
)2
, (1.3)
leading to the existence of power corrections in T−2. This behavior contradicts perturba-
tion theory which contains no powers but only logarithms in the temperature, a feature
shared by HTL and other resummation techniques. This formula can be understood as a
separation of perturbative contributions a(µT ) ∼ 1/ log T which are generically small, and
non-perturbative ones characterized by power corrections. There are other observables in
QCD with similar patterns including power corrections contributions, like for instance the
Polyakov loop [18, 19] or the heavy quark-antiquark free energy [20]. It was conjectured
in [21] the existence of a duality between large order QCD perturbative series and non-
perturbative power corrections, stating that the latter can be obtained from the former
after considering high enough order series. This duality was studied in [17] at finite tem-
perature from an analysis of the statistical correlations between the two terms in the rhs
of Eq. (1.3). In the present work we will study analytically the equation of state of an
improved holographic model for QCD in an expansion at high enough temperatures. As
we will see, this technique leads to an implicit resummation of the perturbative series, and
– 2 –
as a side effect a remnant of the power corrections in T 2 already appears in the result.
Some numerical results will be presented as well.
The manuscript is organized as follows. We introduce in Sec. 2 the holographic model,
derive the relevant equations of motion and provide the exact zero temperature solution. In
Sec. 3 we explain the technique to perform a resummation of the solution of the equations of
motion in the two opposite regimes Φh → ±∞, where Φh is the scalar field at the horizon.
In Sec. 4 it is obtained the equation of state, and discussed the thermodynamic consistency
of the result. The equation of state is then used in Sec. 5 to perform a comparison with
the lattice data of gluodynamics. Finally, we discuss in Sec. 6 some physical consequences
of a kind of RG flows connection two fixed points, and provide an estimate for the gluon
condensate at zero temperature. We conclude with a discussion of the results, and an
outlook towards future directions in Sec. 7.
2 The Improved Holographic QCD model
The bottom-up approach turns out to be quite useful to study the thermodynamics of
QCD in the strongly coupled regime. It is based on the building of a gravity dual of QCD,
including the main properties of this theory. We introduce in this section the model, and
provide the relevant equations of motion.
2.1 The model
One of the most successful models within the bottom-up scenario is the 5D Einstein-dilaton
model, with the Euclidean action [2]
S =
1
2κ2
∫
dρ d4x
√
G
(
−R+Gµν∂µΦ∂νΦ + 2V (Φ)
)
− 1
κ2
∫
ρ=
d4x
√
hK ,
where κ2 is the 5D Newton constant, Φ is a scalar field to be identified with the Yang-
Mills coupling through g2 = eγΦ, and  is a cut-off surface near the boundary. Taking
the limit  → 0, one takes the surface to the AdS5 boundary. The boundary term is
the usual Gibbons-Hawking contribution built up from the extrinsic curvature K and
the determinant h of the induced metric at the boundary. The introduction of a scalar
field breaks conformal invariance, and the form of the scalar potential V (Φ) is usually
phenomenologically adjusted to describe some observables of QCD, like for instance the
trace anomaly. There are in the literature many different proposals for the dilaton potential.
In this work we will consider the form
V (Φ) = − 6
`2
(
1 +
2v0
3
eγΦ +
v20
36
(4− 3γ2)e2γΦ
)
=
1
2
W ′(Φ)2 − 2
3
W (Φ)2 ,
(2.1)
generated by the simple superpotential W (Φ) = `−1(3 + v0eγΦ). ` is the radius of the
asymptotically AdS5 background. The combination γ
2v0/2 ≡ b0 will be taken from the
– 3 –
one-loop β-function
µ
dg
dµ
= −b0g3 = − 11 Nc
3(4pi)2
g3 (2.2)
of a pure SU(Nc) gauge theory.
We will study finite temperature solutions of the Einstein-scalar model corresponding
to a black hole of the form
ds2 = Gµνdx
µdxν =
`2
4ρ2
dρ2 +
`2
ρ
gττ (ρ)dτ
2 +
`2
ρ
gxx(ρ)d~x
2 , (2.3)
with a regular horizon at ρ = ρh, i.e. gττ (ρh) = g
′
ττ (ρh) = 0. The horizon data define the
temperature and entropy density through
T =
1
2pi
√
2ρhg′′ττ (ρh) ,
s =
2pi
κ2
(
`2
ρh
gxx(ρh)
)3/2
.
(2.4)
We work in Fefferman-Graham coordinates as these allow for a clean decoupling of the
scalar field equation. Also, the asymptotic expansions for the metric and the dilaton field
in models of Improved Holographic QCD have been derived in these coordinates [22].
2.2 Equations of motion
A nice property of the field equations following from Eq. (2.1) is that the equation for the
scalar field is decoupled by an additional differentiation. The third order equation that
results is equi-dimensional,
0 = 48ρ4Φ′Φ′′′ − 96ρ4Φ′′2 + (36`2V ′(Φ)− 48ρΦ′)ρ2Φ′′
+
(−48− 32`2V (Φ)− 12`2V ′′(Φ))ρ2Φ′2
+ 36`2V ′(Φ)ρΦ′ − 3`4(V ′(Φ))2 , (2.5)
and is converted in autonomous by making the change of variables, (ρ,Φ) → (Φ, u(Φ)),
where u(Φ) ≡ ρΦ′(ρ):
u′′(Φ) =
(
u′(Φ)
)2
u(Φ)
− 3`
2V ′(Φ)
4u(Φ)2
u′(Φ) +
`4
(
V ′(Φ)
)2
16u(Φ)3
+
`2
(
8V (Φ) + 3V ′′(Φ)
)
12u(Φ)
. (2.6)
The remaining field equations written in terms of the scalar field are
u(Φ)2g′′xx(Φ) + u(Φ)(u
′(Φ)− 2)g′xx(Φ) +
(
1 +
`2
6
V (Φ) +
1
3
u(Φ)2
)
gxx(Φ) = 0 , (2.7)
g′ττ (Φ) + gττ (Φ)
(
g′xx(Φ)
gxx(Φ)
− 2
u(Φ)
+
gxx(Φ)(−`2V (φ) + 2u(Φ)2)
3u(Φ)
(
gxx(Φ)− u(Φ)g′xx(Φ)
)) = 0 . (2.8)
– 4 –
2.3 Zero temperature solution
At zero temperature, when gxx = gττ , the solution corresponds to a domain wall configu-
ration, u0(Φ) =
`
2W
′(Φ) = γv02 e
γΦ. It is given by
eγΦ(ρ) =
2
γ2v0 log (ρ0/ρ)
,
gxx(Φ) = gττ (Φ) = g(0)e
−2Φ/(3γ) ,
(2.9)
where ρ0 is an integration constant defining the location of a singularity at which Φ =
∞. If we identify γ2v0/2 with b0 and g2 = eγΦ, it turns out that the radial coordinate
ρ−1/2 may be clearly interpreted as the RG scale, and ρ−1/20 ≡ ΛQCD corresponds to the
location of the Landau pole of QCD. The other integration constant g(0) is arbitrary, and
it will determine the leading asymptotic behavior of the metric as Φ → −∞. Notice the
exponential grow of the metric near the boundary, unlike the behavior gij ∼ 1 for the
superpotential W (Φ) = 3`−1.
This solution with Poincare´ invariance can be written equivalently as a domain wall,
ds2 = dr2 + e2A(r)(dτ2 + d~x2), A′(r) =
1
3
W (Φ), Φ′(r) = −W ′(Φ) ,
eγΦ =
`
γ2v0r
,
e2A = e2r/L
(r
`
)2/(3γ2)
g¯(0) .
(2.10)
Given that the system is autonomous, the other constant of integration has been chosen
to have Φ =∞ at r = 0. This solution can be connected with the solution of Eq. (2.9) by
assuming that the relation between ρ and r is
r =
`
2
log
ρ0
ρ
= − `
2
log ρΛ2QCD, 0 < ρ ≤ Λ−2QCD . (2.11)
3 Asymptotically AdS black hole solutions from resummation
We now consider a black hole solution specified by the horizon data (ρh,Φh). Local analysis
of Eqs. (2.6), (2.7) and (2.8) shows that, in order to have a regular horizon at Φ = Φh, it
is necessary that limΦ→Φh
(
u(Φ)g′xx(Φ)− gxx(Φ)
)
= 0. This condition serves to fix the first
term of power series solutions with movable singularities
u(Φ) =
∞∑
n=0
an(Φh)(Φh − Φ)n+1/2 , (3.1)
gxx(Φ) = gxx(Φh)
(
1 +
∞∑
n=1
bn(Φh)(Φh − Φ)n/2
)
, (3.2)
gττ (Φ) = −g′ττ (Φh)
(
Φh − Φ +
∞∑
n=3
dn(Φh)(Φh − Φ)n/2
)
, (3.3)
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when one makes the replacement of these ansatzs in Eqs. (2.6)-(2.8). The results for the
first terms are
a0 =
√
eγΦhv0γ
(
12 + eγΦhv0(4− 3γ2)
)
2
√
3
,
a1 =
−144 + v0eγΦh
(
v0e
γΦh(−4 + 3γ2)(4 + 9γ2)− 6(16 + 9γ2))
24
√
3
√
eγΦhv0γ
(
12 + eγΦhv0(4− 3γ2)
) ,
b1 = d3 = − 4
√
3√
eγΦhv0γ
(
12 + eγΦhv0(4− 3γ2)
) ,
(3.4)
and the remainder are determined recursively. The horizon data gxx(Φh) and g
′
ττ (Φh) are
still to be determined.
The special case in which the square root of Eqs. (3.4) vanishes occurs when V ′(Φmin) =
0, where we have replaced Φh by Φmin in these equations. Here Φmin is the value of a critical
point of the potential that appears only for γ > γc ≡ 2/
√
3. It is understood that now
Φmin does not have the meaning of a horizon. Indeed, the position of a possible horizon
must be below Φmin. This solution corresponds to a domain wall interpolating between
Φ = −∞ and Φmin (see also Section 6). Now we have uc(Φ) = `2W ′c(Φ), where Wc(Φ) is
the solution of Eq. (2.1), which near the critical points behaves as
Wc(Φ) ∼

1
` (3 + v0e
γΦ), Φ→ −∞
3γ
`
√
γ2−4/3 −
γ(
√
5−1)
`
√
γ2−4/3(Φmin − Φ)
2 , Φ→ Φmin .
(3.5)
In the rest of this section we will study the analytical solutions in the regimes: i) Φh  1
with γ < 2/
√
3, and ii) ν ≡ γv0eγΦh  1 for any γ > 0.
3.1 Resummation when Φh  1
By simple inspection one sees that when Φh  1, the leading part of all the coefficients
an in Eq. (3.4) is proportional to e
γΦh . It is relatively easy to make the resummation of
the series with their coefficients approximated in this way. By making the ansatz u(Φ) =
eγΦhR(Φh − Φ) in Eq. (2.6), and keeping the leading terms when Φh → ∞, one obtains a
simpler equation that may be integrated to give the desired solution. This is given by
u(Φ) =
v0γ
2
eγΦ
√
1− e−q(Φh−Φ) + . . . , (3.6)
with q ≡ (4 − 3γ2)/(3γ), which requires q > 0. Note that this expression is a good
approximation for any value of the scalar field when Φh → ∞ since, for large Φh − Φ, it
goes to the zero temperature solution. The same procedure may be applied to Eqs. (2.7)
and (2.8) to determine solutions which uniformly approximate the metric over all range:
gxx(Φ) = gxx(Φh)e
−2(Φ−Φh)/(3γ)
(
1− 12e
−γΦh
√
1− e−q(Φh−Φ)
v0(4− 3γ2)
)
,
gττ (Φ) = gxx(Φh)e
−2(Φ−Φh)/(3γ)
(
1− e−q(Φh−Φ)
)
.
(3.7)
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The matching with the zero temperature solution of Eq. (2.9) then produces the relations
g′ττ (Φh) = −g(0)q e−2Φh/(3γ) , (3.8)
gxx(Φh) = g(0)e
−2Φh/(3γ), Φh  1 . (3.9)
3.2 Boundary-layer analysis when ν ≡ γv0eγΦh  1
An extreme opposite regime can be addressed as follows. For negatively large values of
the dilaton at the horizon, or small values of v0, the leading part of each coefficient of
the series (3.1) behaves as an(Φh) ∝ ν−n+1/2. This suggests to make the replacement
uin(Φ) = ν U1
(
(Φh − Φ)/ν
)
in Eq. (2.6) in order to account for this behavior and include
great variations near the horizon. In fact, this is the first non-zero term of an inner
expansion uin(Φ) =
∑∞
n=1 ν
nUn((Φh − Φ)/ν), valid in the region of boundary-layer near
the horizon, where the inner variable, Ψ ≡ (Φh − Φ)/ν, is O(1). We have determined the
two first orders of this expansion which reads
uin(Φ) =
ν
2
√
1− e−4Ψ
+
ν2 γe−4Ψ
2
√
1− e−4Ψ
[pi2
48
− 1
8
Li2
(
e−4Ψ
)
+ Ψ2
+
( 2
3γ2
− e4Ψ + log
√
1− e−4Ψ
)
Ψ
]
+O(ν3) ,
(3.10)
where Li2 is the dilogarithmic function. For the regime outside the boundary layer we tried
a solution of the form uout(Φ) =
∑∞
n=1 ν
nun(Φh − Φ). The corresponding substitution in
Eq. (2.6) leads to uout(Φ) = ν2e
γ(Φ−Φh) to all orders in ν, so that the outer solution has
the same form as the zero-temperature solution. Thus the asymptotic matching produces
a uniform approximation valid for (−∞,Φh) given by
uunif(Φ) =
v0γ
2
eγΦ + uin(Φ)− v0γ
2
eγΦh +
ν2γ
2
Φh − Φ
ν
+O(ν3) , (3.11)
where the two last terms are the common limit of the inner and outer approximation in the
matching region, ν  Φh − Φ 1. Now we have |u(Φ)− uunif(Φ)| = O(ν3) in (−∞,Φh).
This analysis does not include the complete asymptotics of u(Φ) in the UV (outer)
region, but this can be derived from the matching with the inner expansion. The solution
of Eq. (2.6) near the boundary shows that the subleading behavior of u when Φ → −∞
has a term, not included in the outer expansion, with a non-analytical dependence on ν of
the form
δu(Φ) = CΦ exp
[−4e−γΦ/(γ2v0) + (4/(3γ)− γ)Φ](1 + v0 eγΦ
3
)
, (3.12)
where CΦ is a quantity depending only on Φh. The matching with the inner solution of
Eq. (3.10) yields the CΦ-coefficient:
CΦ(Φh) = exp
(
4
γν
− 4Φh/(3γ) + γΦh
)
×
(
−ν
4
+
ν2(8 + γ2pi2)
96γ
+O(ν3)
)
. (3.13)
– 7 –
This coefficient is very important because it is related to the QCD trace anomaly, as we
will see below.
Now from the knowledge of the two first orders of uin(Φ), it is possible to get in
closed form the two lowest orders in ν for the inner solutions of the metric, which have
the form ginij (Φ) =
∑
n ν
ng(n)ij(Ψ). For simplicity, we only write the leading term of these
expansions. They read
ginxx(Φ) = gxx(Φh)e
4Ψ
(
1−
√
1− e−4Ψ
)
,
ginττ (Φ) = −
g′ττ (Φh) ν sinh
(
2Ψ
)
2
√
−1 + 2e4Ψ(1 +√1− e−4Ψ) .
(3.14)
Again, the part of the outer solution of the form
∑∞
n=0 ν
ngij (n)(Φh − Φ) reduces to the
zero-temperature result g(0)e
−2Φ/(3γ). The asymptotic matching of this outer solution with
the two first orders in ν of the inner expansion determines the horizon quantities gxx(Φh)
and g′ττ (Φh), which are related to the temperature and entropy of the black hole. 1 They
take the form
g′ττ (Φh) = −
8g(0)e
−2Φh/(3γ)
ν
(
1 +
ν
12γ
(4 + 3γ2 − 4 log 2) +O(ν2)
)
, (3.15)
gxx(Φh) = 2g(0)e
−2Φh/(3γ)
(
1− ν log 2
3γ
+O(ν2)
)
. (3.16)
Finally, local analysis of Eqs. (2.7) and (2.8) when Φ→ −∞ shows that the sub-leading
parts of the outer metric have an expansion in series of negative powers of ν that read
δgxx(Φ) = exp
[−4e−γΦ/(γ2v0) + (2/(3γ)− γ)Φ]
×
(
g(0)
3γ
CΦ +
v0g(0)e
γΦ
36γ
(
CΦ(3γ
2 − 4)− 9γ3Cxx
))
, (3.17)
δgττ (Φ) =
4g(0)CΦ
3
exp
[−4e−γΦ/(γ2v0) + (2/(3γ)− γ)Φ]− 3δgxx(Φ) . (3.18)
As before, the quantity Cxx(Φh) is determined by matching. We obtain
Cxx(Φh) = exp
(
4
γν
− 4Φh/(3γ) + γΦh
)
×
(
− 1
γν
+
pi2
24
+O(ν)
)
. (3.19)
4 Thermodynamics
With the above results at hand, we can apply the holographic prescription [23] for the
derivation of the trace anomaly of the Yang-Mills theory. The rationale of the procedure
has been exposed in Ref. [2].
1 With abuse of notation, the second derivative in Eq. (2.4) is written as g′′ττ (ρh) =
ρ−2h limΦ→Φh
(
u(Φ)u′(Φ)g′ττ (Φ)
)
.
– 8 –
4.1 Trace Anomaly
The deformation due to the perturbative running of the coupling constant in Yang-Mills
theory may be written as
δW = δ
(
1
2g2
)∫
d4xTrF 2
=
∫
d4x
(γ
2
e−γΦδΦ
) (−TrF 2) . (4.1)
This gives rise to the trace anomaly of the stress tensor which takes the form
Tµµ = −
β(g)
g3
TrF 2 = b0TrF
2 . (4.2)
To apply the holographic prescription [23] for the derivation of this anomaly (and the equa-
tion of state), we can assume that the boundary value of the combination γ2b0 e
−γΦ(ρ)δΦ(ρ)
plays the role of a source that couples to the dual operator O = −b0TrF 2 of dimension
four. The one-point function 〈O〉 is therefore proportional to the gluon condensate. Let us
examine more closely the interplay between the source and boundary data. The solution
for the dilaton field written as∫ Φh
Φ
dΦ′
u(Φ′)
=
∫ Φh
Φ
(
1
u(Φ′)
− 1
u0(Φ′)
)
dΦ′ +
2
γ2v0
(
e−γΦ − e−γΦh)
= log (ρh/ρ) ,
(4.3)
implies that its asymptotic behavior is that of Eq. (2.9), with the near-boundary quantity
ρ0 given by
ρ0 = ρh exp
(
−I(Φh) + 2
γ2v0
e−γΦh
)
,
I(Φh) =
∫ Φh
−∞
(
1
u(Φ)
− 1
u0(Φ)
)
dΦ .
(4.4)
Using the lowest order uniform approximation in Eq. (3.11), one finds I(Φh) = log 2+O(ν).
We may now relate ρ0 to the source. With Φ0(ρ) given by Eq. (2.9) and γ
2v0/2 = b0, it
turns out that a change in the scale δρ0, induces a change in the scalar field δΦ of the form
γ
2b0
e−γΦ0δΦ = −δρ0
2ρ0
. (4.5)
According with Eq. (4.1), the derivative of the free energy density f with respect to log ρ0
must be proportional to the gluon condensate,
2ρ0
∂f
∂ρ0
= b0〈TrF 2〉 . (4.6)
We display in the left panel of Fig. 1 the behavior of the ratio ρh/ρ0 as a function of Φh
from an evaluation of Eq. (4.4). We have obtained the result from a numerical computation
of the eom (2.6) with the boundary condition near Φh given by Eq. (3.1), and compared
with the analytical result in the regime ν  1. As we will see below, this ratio will be of
great importance to obtain consistent thermodynamic quantities.
– 9 –
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Figure 1. Left panel: ρh/ρ0 as a function of Φh from a numerical computation of Eq. (4.4). We
show in the inserted figure the behavior in the regime Φh < 0. The solid (blue) line corresponds
to the analytical behavior log (ρh/ρ0) = log 2 − 2γ2v0 e−γΦh . Right panel: ρ
1/2
h T as a function of
Φh from a numerical computation of the eom, Eqs. (2.6)-(2.8). The solid (blue) line corresponds
to the analytical result of Eq. (4.11). There is a minimum value of temperature at Φh,min ≈ 4
corresponding to ρ
1/2
h Tmin ≈ 0.16. The intervals Φh < Φh,min and Φh > Φh,min correspond to
the big and small black hole regimes respectively. In both figures we have considered Nc = 3 and
γ =
√
2/3.
4.2 First law of thermodynamics
We then assume that the free energy density is a function of the source ρ0 and the tem-
perature T , whose variation is
df = −s dT − 〈O〉dρ0
2ρ0
, (4.7)
where s is the entropy per unit volume. Note that this assumption requires the condition
for integrability
2ρ0
∂s
∂ρ0
=
∂〈O〉
∂T
, (4.8)
which relates the behaviors near the horizon and near the boundary. For the moment we
will assume that this condition is fulfilled, but this needs to be checked. Since there is no
conserved charge, the Euler identity adopts the form f = ε − Ts, where ε is the energy
density. Then, it follows that the first law of thermodynamics is
dε = T ds− 〈O〉dρ0
2ρ0
. (4.9)
One can observe a similarity to the thermodynamic identities of elastic bodies, where the
work done by an applied stress τij is given by dW = −V τij dηij , being ηij the strain
deformation and V the volume, see e.g. Refs. [24, 25]. Then the source ∼ log√ρ0 plays
the role of the deformation, while the condensate 〈O〉 is the analogous of the stress tensor.
Thus there is no need to interpret the source as any kind of chemical potential [26, 27],
and this analogy with the thermodynamics of deformation seems more suitable.
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4.3 Equation of state when ν  1
From dimensional analysis, a compact way of writing the pressure as a function of the
temperature and ρ0 is
p(T, ρ0) = −f = aT 4 + aT 4 n(T 2ρ0) , (4.10)
where n(x) is a function to be determined and a is a constant. We may now compute the
pressure from the information about the horizon encoded in Eqs. (3.15) and (3.16). These
determine the temperature and entropy density when T
√
ρh  1 and Φh → −∞ through 2
T
√
ρh =
1
pi
√
2g(0) e
−Φh/(3γ)
(
1 +
v0
6
(2− log 2)eγΦh +O(ν2)
)
, (4.11)
s
T 3
=
2`3pi4
κ2
(
1− v0eγΦh +O(ν2)
)
. (4.12)
By eliminating Φh between these equations and using Eq. (4.4) with I(Φh) = log 2, we
may compare Eq. (4.12) with
s
T 3
= T−3
∂p
∂T
= 4a+ 4an(T 2ρ0) + 2a T
2n′(T 2ρ0) , (4.13)
to obtain a = `3pi4/(2κ2) and
n(x) = − 3
W
(
3v−10 (g
−1
(0)pi
2x)3γ2/2
) +O(W−2) , (4.14)
where W(z) denotes the principal branch of the Lambert W-function. This non-conformal
term is O(ν) because of the relation
ν =
3γ
W
(
3v−10 (g
−1
(0)pi
2T 2ρ0)3γ
2/2
) +O(W−2) , (4.15)
which arises by elimination of Φh. This determines the pressure at high temperature in
terms of T and ρ0. The trace of the thermal stress tensor can be obtained from the relation,
ε+ p = Ts = T∂T p, as
ε− 3p = 2ρ0 ∂p
∂ρ0
= −b0〈TrF 2〉
=
9`3pi4γ2T 4
2κ2W
(
3v−10 (g
−1
(0)pi
2T 2ρ0)3γ
2/2
)2 + . . . . (4.16)
The asymptotic behavior W(z) ∼ log z as z → ∞ is consistent with the logarithmic
behavior of the trace anomaly at high temperature
ε− 3p
T 4
∼ `
3 2pi4
κ2γ2
1
log(T 2/Λ2)2
. (4.17)
2If one chooses the 5D Newton constant κ2 to reproduce the Stefan-Boltzmann limit of the entropy
density in gluodynamics at high temperatures, sgluons → (N2c − 1) 4pi245 T 3, then one has `
3
κ2
= (N2c − 1) 245pi2 .
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The opposite limit, W(z) ≈ z as z → 0, seems to predict the existence of power corrections
in temperature. However, as we will see below, within this simple model we cannot conclude
that these power corrections play any phenomenological role in the description of the
deconfined phase of gluodynamics, as the range over the perturbation theory may be applied
is that of small ν, for which the corresponding z is never small. In either case, it is
remarkable that the resummation we have performed in this work within the improved
holographic QCD model leads to such a result, which goes in the right direction to confirm
at the theoretical level the existence of power corrections in the regime just above the phase
transition.
We display in the right panel of Fig. 1 the behavior of the temperature as a function of
Φh from a numerical evaluation of the equations of motion (2.6)-(2.8) with the boundary
condition near Φh given by Eqs. (3.1)-(3.3). It is evident from this figure the existence of
two regimes, corresponding to big and small black holes. Finally, we show in Fig. 2 the
entropy density (normalized by T 3) as a function of the inverse of temperature (normalized
by ρ
−1/2
h (left panel) and ρ
−1/2
0 (right panel)). We compare in both panels the numerical
results of the entropy density, with the corresponding analytical results in the regime ν  1.
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Figure 2. Left panel: s/T 3 as a function of (ρ
1/2
h T )
−1. Right panel: s/T 3 as a function
of (ρ
1/2
0 T )
−1. We show as dots the result from a numerical computation of the eom (2.6)-(2.8),
while the solid (blue) lines correspond to the analytical result of Eqs. (4.11)-(4.12) (left panel) and
Eq. (4.13) (right panel). The horizontal dashed lines correspond to the Stefan-Boltzmann limit. In
both figures we have considered Nc = 3 and γ =
√
2/3.
4.4 Holographic renormalization and integrability condition
It is no obvious at this stage how the thermodynamics we have derived from the horizon
data of temperature and entropy (and the ratio ρ0/ρh) will be obtained from the limiting
behavior of the fields as ρ → 0. For completeness, we then provide the formulas for
the one-point functions which are obtained via holographic renormalization, by using as
counterterm the leading asymptotics of the superpotential. These are expressed in terms
– 12 –
of the near-boundary coefficients CΦ(Φh) and Cxx(Φh):
lim
→0
2b0
γ
eγΦ0()
δSren
δΦ()
= 〈O〉 = − `
3
κ2
4g2(0)b0CΦ
γρ20
, (4.18)
lim
→0
2g(0)e
−2Φ0()/(3γ) δSren
δgxx()
= 〈T xx〉 = p
= − `
3
κ2
g2(0)v0
18γρ20
(
4CΦ(1− 3γ2) + 9γ3Cxx
)
, (4.19)
lim
→0
2g(0)e
−2Φ0()/(3γ) δSren
δgττ ()
= 〈T ττ 〉 = ε
= − `
3
κ2
g2(0)v0
6γρ20
(
4CΦ + 9γ
3Cxx
)
. (4.20)
Clearly ε− 3p = 〈O〉.
Now we can check the condition for integrability Eq. (4.8) to lowest order. Since
Eq. (4.18) provides 〈O〉 in terms of CΦ given in Eq. (3.13), the required derivative is
computed easily. With the entropy and ν given by Eqs. (4.12) and (4.15) respectively, one
finds
2ρ0
∂s
∂ρ0
− ∂〈O〉
∂T
= O(W−3) . (4.21)
So, from the results in Eqs. (3.13) and (3.19), one obtains the thermodynamics we have
presented, in particular the trace 〈O〉 given by Eq. (4.16).
4.5 Equation of state when Φh  1
Finally, we give the pressure in the high temperature limit T
√
ρh  1 when Φh → +∞.
Following the same procedure as before, but using this time Eqs. (3.8) and (3.9), we obtain
the expressions
T
√
ρh =
√
g(0) v0(4− 3γ2)
12pi
e(γ−1/(3γ))Φh ,
s
T 3
=
3456 `3pi4
κ2v30(4− 3γ)3
e−3γΦh .
(4.22)
Now the relation between ρh and ρ0 follows from Eq. (3.6). For γ <
√
2/3, it reads
ρ0 = ρh exp
(
2
√
pie−γΦh
γ2v0
Γ(1− γ/q)
Γ(1/2− γ/q)
)
, (4.23)
so, in this regime, we can ignore the difference between ρh and ρ0 (see also Fig. 1 (left)).
The elimination of Φh produces a negative value of the pressure that corresponds to the
small black hole solution with the same temperature and ρh as above. The pressure goes
to zero as
p(T, ρ0) ∝ −(T√ρ0)α , α = 4− 3γ
2
1− 3γ2 . (4.24)
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5 Phenomenological consequences: comparison with lattice data for the
EoS
We can now compare the results of the model with the lattice data of the equation of state
of gluodynamics in SU(3). We will consider the lattice data of Ref. [13], which have been
obtained up to T/Tc = 1000. The result for the trace anomaly, pressure, energy density
and entropy density are displayed in Figs. 3-5. In the formulas of the thermodynamic
quantities, see e.g. Eq. (4.16), we have γ and ρ0 as free parameters. The best fit of the
lattice data for the trace anomaly for temperatures 3Tc ≤ T ≤ 1000Tc leads to
γ = 2.375(19) ,
ρ0T
2
c
g(0)
= 0.0555(10) , (5.1)
with χ2/dof = 0.088. These two parameters are highly negatively correlated, with a cor-
relation r(γ, ρ0T
2
c /g(0)) = −0.956. From Eq. (4.16) one can find the approximate relation
ΛQCD '
(
g(0)
ρ0
)1/2 · (v03 )1/(3γ2). From this, and assuming the value Tc = 0.270 GeV for
the transition temperature in gluodynamics [28], one gets ΛQCD = 0.863(8) GeV which
is a factor ∼ 4 bigger than the physical value of ΛQCD. Values of this order have been
obtained as well in similar models of improved holographic QCD in the literature, see e.g.
Refs. [4, 29, 30]. We conclude that the model leads to an accurate description of the lattice
data in the whole regime 3 ≤ T/Tc.
As discussed in the introduction, in order to have a good description of the lattice
data for temperatures closer to Tc, it would be desirable that the model leads to power
corrections in T 2 in this regime. However, from the phenomenological considerations above
it seems not to be the case. From a simple analysis of the W(z) function in Eq. (4.16),
one can see that in order to have dominance of quadratic power corrections, one needs to
consider the regime
T <
1
pi
√
g0
ρ0
v0
3
, (5.2)
corresponding to z < 1 and γ =
√
2/3. This formula, in combination with the value of
ρ0/g(0) given in Eq. (5.1) leads to T < 0.36Tc, which is: i) outside the deconfinement regime
of gluodynamics, and ii) outside the validity of the small ν expansion. In either case, we
cannot exclude that power corrections could become relevant in the regime Tc < T < 3Tc
after considering the effects outlined in Sec. 6, or in an appropriate sophisticated version
of the model. 3
6 RG flow between two fixed points: gluon condensate at zero temper-
ature
We perform in this section a study of some RG flows that could have potential effects for
the physics close to the phase transition.
3This analysis goes beyond the scope of the present work, and we leave it for a future publication.
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Figure 3. Trace anomaly density ε− 3p, normalized to T 4, as a function of T (in units of Tc). We
show as a solid line the analytical result from Eq. (4.16) with the values of the parameters given
by Eq. (5.1). The dots correspond to the lattice data from [13] for gluodynamics with Nc = 3.
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Figure 4. Trace anomaly density normalized to T 2T 2c (left panel) and pressure normalized to T
4
(right panel), as a function of T (in units of Tc). The horizontal dashed line in the right panel
corresponds to the Stefan-Boltzmann limit. See Fig. 3 for further details.
In Sec. 5 we have obtained that the lattice data of gluodynamics can be fitted with
the value γ = 2.375(19). As it has been discussed at the beginning of Sec. 3, the case
γ > γc ≡ 2/
√
3 ≈ 1.155 makes sense as long as we restrict to flows with a fixed point in
Φmin ≡ 1γ log
[
12/(v0(3γ
2 − 4))], i.e. W ′c(Φmin) = 0. Then, these RG flows connect two
fixed points: one in the UV and another one in the IR. The form of the scalar potential in
this case is displayed in Fig. 6 (left).
Let us define the holographic β-function as [31, 32]
β(Φ) :=
dΦ
dA
= −3W
′(Φ)
W (Φ)
, (6.1)
where A appears in the domain wall metric of Eq. (2.10). The behavior of β(Φ) in this
kind of flows is displayed in Fig. 6 (right). The fixed points correspond to zeros of β(Φ),
which in the case γ > γc correspond to Φ→ −∞ (UV) and Φ = Φmin (IR).
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Figure 5. Energy density (left panel) and entropy density (right panel), normalized to T 4 and T 3
respectively, as a function of T (in units of Tc). See Figs. 3 and 4 for further details.
In order to check this scenario more explicitly, we can compute the profile Φ(ρ) by
inverting the equation ∫ Φ∗
Φ
dΦ′
uc(Φ′)
= log
(
ρ∗
ρ
)
, (6.2)
with uc(Φ) =
`
2W
′
c(Φ), where Wc(Φ) behaves as in Eq. (3.5). Note that the condition
Φ(ρ∗) = Φ∗ fixes the integration constant. When the parameter ρ evolves in the interval
0 < ρ < +∞, then Φ changes in −∞ < Φ < Φmin such that Φ(ρ → +∞) = Φmin. The
result of eγΦ(ρ) is displayed in Fig. 7 (left). The two fixed points correspond to constant
values of the running coupling eγΦ(ρ), and they appear at ρ → 0 (UV) and ρ → +∞
(IR). Whether this is the true behavior for the running coupling in QCD is a matter of
discussion. 4 In either case, it is remarkable that such a behavior naturally appears in this
simple holographic model.
The near boundary behavior of this flow is
uc(Φ) =
γv0
2
eγΦ + δuc(Φ) , (6.3)
with δuc(Φ) given by Eq. (3.12). Now CΦ is a quantity depending on Φmin, i.e. CΦ :=
CΦ(Φmin), and it is related to the condensate at zero temperature as we will see below.
From a numerical computation of the equation of motion for u(Φ), Eq. (2.6), with the
boundary condition near Φmin given by Eq. (3.5), we can extract the value of CΦ appearing
in δuc(Φ), as a function of Φmin (or equivalently as a function of γ). We display in
Fig. 7 (right) the result for CΦ(γ). We get from the numerics the approximate behavior
CΦ(γ) ≈
{
−0.4γ − 3.3γ(γ − γc) , γc ≤ γ < 1.5
−25.3γ , 5 < γ .
(6.4)
4Let us mention that the definition of the QCD running coupling in the IR may depend on the observable,
and it is in general affected by large renormalization scheme dependence effects.
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Figure 6. Left panel: Scalar potential as a function of Φ in the case γ > γc. Right panel: (Minus)
β-function as a function of Φ, cf. Eq. (6.1). We display in both panels as solid black lines the results
for γ =
√
3, while the dashed blue line in the right panel is for γ = 1.9/
√
3. We have considered
Nc = 3.
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Figure 7. Left panel: eγΦ(ρ) as a function of ρ−1/2 (normalized by ρ∗) with the RG flow given by
Eq. (3.5) at zero temperature, and computed numerically from Eq. (6.2). Note the existence of two
fixed points: in the UV ((ρ∗/ρ)1/2 → +∞), and in the IR ((ρ∗/ρ)1/2 → 0). We have normalized
the scalar field such that Φ(ρ∗) = 0. Right panel: −CΦ as a function of γ for the same RG flow as
in the left panel. In both figures we have considered Nc = 3 and γ =
√
3.
From a study of the holographic renormalization for this RG flow, we obtain that
expressions similar to Eqs. (4.18)-(4.20) also apply in this case with CΦ interpreted as
CΦ(Φmin).
5 In particular, one gets
〈T xx〉 = p = `
3
κ2
g2(0)v0γ
2ρ20
CΦ(γ) , (6.5)
and ε+p = 0, as we are considering the zero temperature case. Then the gluon condensate
is 〈O〉 = ε − 3p = −4p, with p given by Eq. (6.5). Finally, by using the numerical values
of the parameters γ and ρ0/g(0) obtained in Eq. (5.1), and the value CΦ(γ = 2.375(19)) =
5In this analysis we have used as counterterm Sren[W ] with W (Φ) = `
−1(3 + v0eγΦ).
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−4.973(23) taken from Fig. 7, we can use Eq. (6.5) to obtain an estimate for the gluon
condensate at zero temperature. We get
〈O〉 = −b0〈TrF 2〉 = 0.0363(13) GeV4 , (6.6)
which is in very good agreement with the accepted values reported in the literature from
phenomenological studies of QCD. 6
It is important to mention that these kind of RG flows with γ > γc don’t lead to
any substantial difference in the thermodynamics of the model with respect to flows with
γ < γc as long as the temperature is high enough, so that the analytical formulas derived
in this work for ν ≡ γv0eγΦh  1 can be used for any positive value of the parameter γ.
For instance, even when the terms ∝ (4 − 3γ2) in Eq. (3.4) are negative for γ > γc, they
are subleading terms when ν  1, so that all the considerations in Section 3.2 apply for
any value γ > 0, either above or below γc. This means that the physics of these flows is
insensitive to the existence of the IR fixed point Φmin as long as Φh being smaller (enough)
than Φmin. As a first approximation, by using Eqs. (4.4), (4.11) and (5.1) one gets from
the condition Φh < Φmin(γ = 2.375) = 1.53 that 1.6Tc < T , which means that some effects
not studied in Sec. 5 could start to be relevant close to the phase transition. We leave for
future work a deeper study of the RG flows considered in this section, both at zero and
finite temperature. A discussion on further exotic flows can be found in e.g. Ref. [34].
7 Discussion
In this work we have studied the thermodynamics of a simple holographic model for QCD
by applying techniques of singular perturbation theory. From the equations of motion
of a simple dilaton-gravity model with an exponential scalar potential involving just two
parameters, and by using the scalar field as an independent variable, we have performed a
resummation of the power series of the black hole solutions near the horizon.
At non-zero temperature, the solution is determined by the size of the black-hole ρh,
and the scalar field at the horizon Φh. We have used the quantity ν ≡ γv0eγΦh as the
perturbative parameter, and we have derived explicit formulas to first order in ν for the
entropy and the temperature of the black hole in terms of a scale ρ
−1/2
0 appearing in the
UV asymptotics of the dilaton field. This scale may be identified with the non-perturbative
scale of QCD where the perturbative series of the coupling becomes infinity.
We have shown that ρ0 must be treated as a state variable in the free energy which by
(logarithmic) differentiation yields the gluon condensate, and this is an important feature of
the thermodynamic description we have found. One would wonder whether other choices
of the state variable, such as ρh or Φh, could be consistent. This does not seem to be
possible since these choices do not fulfill the condition for integrability, as it is easily seen.
We have found that the trace of the energy-momentum tensor is given in terms of the
Lambert W-function, as (ε − 3p)/T 4 ∝ W−2, and this reproduces the expected logarith-
mic suppression at high temperature, ∝ log(√ρ0T )−2. At intermediate temperatures the
6See e.g. Ref. [33] as a representative phenomenological analysis of the gluon condensate, where a value
〈O〉 = 11
8
〈α
pi
G2〉 = 0.051(21) GeV4 is obtained from e+e− annihilation data.
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Lambert W-function departs from the logarithmic dependence. For γ = 2.375(19) > 2/√3
and ρ0T
2
c /g(0) = 0.0555(10), the model leads to an accurate match with lattice data within
T = (3− 1000)Tc.
The existence of power corrections in T 2 in the equation of state of gluodynamics was
unequivocally predicted by lattice QCD studies. However, until the present the holographic
models seem to be unable to account for them unless one considers complicate scalar
potentials or condensates of unnatural dimensions [35–37]. In this work we have shown for
the first time that these power corrections may follow naturally at low enough temperatures
from a resummation of the solution without invoking any extra ingredient apart from
the requirement of reproducing the β-function of QCD in the UV, and considering an
exponential behavior in the IR for the superpotential. The power corrections then appear
in the equation of state from the low temperature behavior of the LambertW-function. At
the present stage, however, we cannot conclude that the power correction behavior we have
found analytically, plays any phenomenological role in the description of the deconfined
phase of gluodynamics, as the range over the perturbation theory may be applied is that
of high enough temperature in which power corrections do not play any role yet.
Finally, we have studied within this model a kind of RG flow interpolating between a
local maximum and a local minimum of the potential for the scalar field, corresponding
to two fixed points, one in the UV and another one in the IR. This flow, appearing only
when γ > γc, leads to a nontrivial prediction for the value of the gluon condensate at
zero temperature which turns out to be in very good agreement with the phenomenological
values reported in the literature. A study of the effects at finite temperature of the IR fixed
point in this RG flow could be relevant for the equation of state of QCD in the regime very
close to the phase transition, i.e. Tc ≤ T ≤ 2Tc. However, the analytical techniques used
in this work cannot be easily implemented in this regime, so that in principle one has to
resort to numerical methods. 7 These and other issues will be addressed in a forthcoming
publication [38].
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